This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to our customers we are providing this early version of the manuscript. The manuscript will undergo copyediting, typesetting, and review of the resulting proof before it is published in its final form. Please note that during the production process errors may be discovered which could affect the content, and all legal disclaimers that apply to the journal pertain. Abstract This paper deals with the qualitative analysis of the travelling waves solutions of a reaction diusion model that refers to the competition between the predator and prey with modied Leslie-Gower and Holling type II schemes. The well posedeness of the problem is proved. We establish sucient conditions for the asymptotic stability of the unique nontrivial positive steady state of the model by analyzing roots of the forth degree exponential polynomial characteristic equation. We also prove the existence of a Hopf bifurcation which leads to periodic oscillating travelling waves by considering the diusion coecient as a parameter of bifurcation. Numerical simulations are given to illustrate the analytical study.
Introduction
The simplest reaction diusion models for cyclic populations involve two interacting species, with densities u and v: where f (u, v) and g(u, v) model the local activity (absence of diusion), the densities u and v may represent the predator and prey, host and parasite, herbivore and grazer, etc. Here x is spatial coordinate and t denotes time. Our focus on cyclic populations means that we assume that the local dynamics f and g are such that the spatially uniform equations du dt = f (u, v); dv dt = g(u, v) have a stable periodic solution (limit cycle), which oscillates around the unstable coexistence steady state. The theory of periodic travelling waves is essentially the same for models with three or more interacting species. The model under study is given by a reaction diusion system based on the predator prey interaction species with modied Leslie-Gower and Holling type II schemes (see, [1] ): where all parameters in (1.2) are positives. The functions u(t, x) and v(t, x) are densities of the prey and predator, respectively, d 1 and d 2 are the diusion coecients, r 1 is the growth rate of the prey u, b 1 measures the strength of the competition among individuals of species u, a 1 is the maximal value which per capita reduction rate of u can attain, k 1 (respectively; k 2 ) measures the extent to which environment provides to prey u (respectively to predator v) r 2 describes the growth rate of u and a 2 has a similar meaning to a 1 . The rst model proposed in this optic is given by an ordinary dierential equations (see, [1] ) and read as follows
with initial conditions x(0) > 0 and y(0) > 0. This two species food chain model describes a prey population x which serves as food for a predator y.
The delayed model of (1.3) (see, [8] ) is given by a system of two delayed dierential equations as follows:
for all t > 0. Here, the discrete delay τ > 0 has been incorporated in the negative feedback of the predator's density. The notion of global stability is studied by many other authors in the predator-prey systems with delay [2, 17] . In [1] , authors studied the boundeness and global stability of system (1.3)and in [8] authors studied the global stability and persistence of the delayed system (1.4) by using liapunov functional. The existence of periodic solutions and their stability are studied in [18, 19] , by considering the delay as a parameter of bifurcation. The spatio-temporal predator prey model without modication is given by (see Huang et al. [6] )
where all parameters in (1.5) are positives, for the meaning of all constants in (1.5) see [6] , in which authors studied the existence of travelling waves of system (1.5). The method used to prove the results are shooting argument in R 4 together with a lyapunov function and Lasalle's Invariance Principle. Travelling waves have been observed in nature in many cyclic animals see [3, 4, 7, 12, 15] , other authors are interested in the study of perioc travelling waves see [13, 16] and references therein.
Our goal in this paper is to study the dynamics of the resulting travelling waves system of equation (1.2) . We prove the well posedeness of the problem and asymptotic stability of the non trivial steady state with respect to the diusion coecient. We establish the existence of limit cycle via Hopf bifurcation theorem, by using the diusion coecient as a parameter of bifurcation. The current work is organized as follows: In section 2, the well posedeness of the problem is proved. Section (3) is devoted to the existence and stability of the steady states of the model. In section 4, we prove the existence of limit cycle (periodic travelling waves) of the model. In the end we give some numerical simulations and discussions.
Well posedeness of the problem
The reaction diusion system we focus on here reads as,
For further simplication, taking
and dropping the stars on u, v and the primes on x, t for convenience, we obtain the following system
We will show that the reaction diusion system (2.2) generates a dynamical system and it is biologically well posed on suitable Banach space.
where
Henceforth, considering also a boundary conditions and system (2.2) can be written as
Let X be the Banach space X 1 × X 2 , where
The norm is dened by 
The closures A u of A 0 u , and
are solutions of the following abstract linear dierential equations in
An additional property of the semigroup is that for each t > 0, T u (t) and T v (t) are compact operators. In the language of partial dierential equations
are classical solutions of the initial boundary value problem (2.3) with
Then T (t) is a semigroup of operators on X generated by the operator A = A u × A v dened on
is the solution of the following linear system
Observe that the nonlinear term F is twice continuously dierentiable on U . Therefore, we can dene the map [F * (ϕ)](x) = F (ϕ(x)) which maps X into itself and equation (2.3) can be viewed as an abstract ordinary dierential equation in X given by
While a solution z(t) of (2.9) can be obtained under restriction that ϕ ∈ D(A), a mild solution can be obtained for every ϕ ∈ X by requiring only that z(t) is a continuous solution of the following integral equation
where α = α(ϕ) ≤ ∞. Restricting our attention to function ϕ in the set :
and taking into account the denition of the function F i i = 1, 2, we obtain that F 1 (0, v) = 0 and F 2 (u, 0) = 0 for U ∈ Λ. Thus, Corollary 3.2, p. 129 in [14] implies that the Nagumo condition for the positive invariance of Λ is satised, i.e.,
(2.11)
On the other hand, a direct application of the strong parabolic maximum principle can be used to show that the linear semigroup T (t) leaves X Λ positively invariant, i.e.,
(2.12)
Finally, conditions (2.11) and (2.12) together allow us to apply Theorem 3.1, p. 127 in [14] , and we obtain the following result.
Theorem 2.1. For each ϕ ∈ X Λ , (2.2) has a unique mild solution z(t) = z(ϕ, t) ∈ X Λ and a classical solution U (t, x) = [z(t)](x). Moreover, the set X Λ is positively invariant under ow
3 steady states and stability Consider again system (2.2), there are several reasonable parameters restrictions. First, we require that 0 < d ≤ 1, which indicates that the prey population does not disperse faster than the predator. We also require that ae 2 < e 1 , which ensures that system (2.2) has a positive equilibrium point corresponding to constant coexistence of the two species. System (2.2) has forth equilibrium points:
, E * = (u * , v * ) which are equilibria of the corresponding ordinary dierential equation system (2.2) without diusion, where
and
(3.2)
Without diusion , the equilibrium point E 0 corresponding to the absence of both species is unstable, E 1 corresponding to the prey at the environment carrying capacity in the absence of predators is a saddle point. If ae 2 < e 1 , E 2 corresponding to the predator at the environment carrying capacity in the absence of prey is also a saddle point and E * corresponding to coexistence of the two species is asymptotically stable if p(u * ) > 0 and unstable if p(u * ) < 0, where
Furthermore, E * is asymptotically stable if b + e 1 − 1 ≥ 0 or 0 < u * < α 1 or α 2 < u * < 1 and it is unstable if b + e 1 − 1 > 0 and α 1 < u * < α 2 , where α 1 and α 2 are the roots of the polynomial p(x):
Particulary, if e 1 − 1 ≥ 0, E * is globally asymptotically stable. If b + e 1 − 1 ≥ 0 the system has no limit cycle. In order to establish the existence of travelling waves solutions of system (2.2), we assume that the solutions have the spacial form u(t, x) = u(x + ct) and v(t, x) = v(x + ct), where s = x + ct, and c is the wave speed. Then the system (2.2) becomes
where denotes the dierentiation with respect to the travelling wave variable s. Rewrite (3.4) as a system of rst order ordinary dierential equations in R
4
:
(3.5) System (3.5) has forth equilibrium points E 0 = (0, 0, 0, 0), E 1 = (1, 0, 0, 0), E 2 = (0, e 2 , 0, 0) and E * = (u * , v * , 0, 0), where u * and v * are given in (3.1) and (3.2) . The linearized system of the system (3.5) around an equilibrium point (f, g, 0, 0) is given by:
( 3.6) and the characteristic matrix is reads as
and the associated characteristic equation is given by
For βµ = 0, (3.7) becomes
Proof. 1) From the Hurwitz criteria, we deduce that the equilibrium point (f, g, 0, 0) is a saddle point.
2) Let a i , i = 1, 2, 3, 4 denote the coecients of the polynomial Q dened in equation (3.9). As c < 0, σ < 0, −ρ < σ < 0, then a 1 > 0, a 2 > 0 and a 4 > 0. To apply the Hurwitz criteria we need that a 3 > 0.
Suppose now X 1 < 1 + d < X 2 , where X i , i = 1, 2 dened in (3.10) and (3.11) are the roots of the following polynomial
(3.12) Which imply that D(1 + d) > 0 and by a simple calculus, we obtain that a 3 > 0. From Hurwitz criteria we deduce the result. To obtain the switch of stability, one needs to nd the purely imaginary roots of (3.9). Let λ = ik a root of (3.9), then
Separating the real and imaginary parts, we obtain
(3.14)
From equation (3.14), we have
By replacing the last quantity in equation (3.1), we obtain that
and the equilibrium point (f, g, 0, 0) is unstable for 1 + d > X 2 and (3.9) has a conjugate purely imaginary roots at d = d 0 = X 2 − 1.
Existence of limit cycle
In this section, we consider the diusion coecient d as a parameter of bifurcation and we prove that the system (3.5) has a limit cycle as d passes trough the critical value d 0 via Hopf bifurcation theorem.
Theorem 4.1. Assume c < 0, σ < 0, −ρ < σ < 0 and X 1 < 1 + d < X 2 . Then, there exists ε 0 > 0 such that, for each 0 ≤ ε < ε 0 , equation (3.5) has a family of periodic solutions p l (ε) with period where X 2 is given in equation (3.11) . Proof. From system (3.5) the nonlinear term is given by 
From the Hopf bifurcation theorem for ordinary dierential equations [9, 11] , we deduce the result
Numerical simulations and discussions
With Matlab software we illustrate our result by some numerical simulations. The method used to compute the travelling waves solutions is to use BVP solver with projection conditions and a phase condition with the following parameters values a = 0.5, b = 0.25, c = 2, e 1 = 2, e 2 = 2.5 and 0 < d < 1 From gure 1, we observe that for small density prey the density of predator decreases to reach the equilibrium state u * and the prey density of prey increases to reach the equilibrium v * for d < d 0 . But in gure 2, the two population coexist but they oscillate periodically around the nontrivial steady state (u * , v * ) for d = d 0 and the two population can survive together for long time (because the prey may exists with a high density (10 12 ) and there is no extinction of the two population). In Fig. 3 , an illustration of the periodic travelling waves solution with respect to the time and space variables and Neumann boundary conditions. The solutions of the reaction diusion system are represented by a surface, for each xed x the solutions are represented by lines which correspond with travelling waves in dimension two. We observe that, the periodicity of the invasion of the predators imply the periodicity of the prey. In this paper, we show the existence of periodic travelling waves solutions via Hopf bifurcation Theorem by considering the diusion coecient as a parameter of bifurcation. A numerical simulations are given to illustrate the theoretical study of the reaction diusion system modelling the invasion of the prey by the predator species. The predation is an established case of cycling in prey species. Here, the ability of predation to explain periodic travelling waves in prey population (see Fig. 2 ), which have recently been found in a number of spatiotemporal eld studies. The nature of periodic waves in this systems, and the way in which they can be generated by the invasion of predators into a prey population. A theoretical calculation that predicts, as a function of one parameter ratio, whether such an invasion will leads to a periodic travelling waves that would be observed. The result gives an insight into the types of predator prey systems in which one would expects to see periodic travelling waves following an invasion by predators.
Conclusion
In this work, a spatio-temporal system reaction-diusion modelling predator-prey population with modied Leslie-Gower and Holling type-II functional response is studied. By using the semigroup theory, we showed the well-posedeness of the problem and the positivity of solutions. In Theorem 3.1, the conditions of change of stability of possible steady states are given. By considering the diusion coecient as a parameter of bifurcation and by applying the Hopf bifurcation Theorem, we prove that there exists a critical value of diusion parameter at which a small amplitude periodic solution in R 4 which corresponds to a small amplitude travelling wave solution connecting the two equilibrium points occurs (Theorem 4.1). 
